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Abstract

When a ball moves through the air, the air exerts a force on the ball. For a sphere moving

at constant velocity with respect to the air, this force is called the drag force and it has been

well measured. If the sphere moves with a non-constant velocity there are additional forces. These

“unsteady” forces depend on the sphere’s acceleration and, in principle, also on higher derivatives of

the motion. The force equal to a constant times the acceleration is called the “added mass” because

it increases the effective inertia of the sphere moving through the fluid. We measure the unsteady

forces on a sphere by observing the one- and two-dimensional projectile motion of light spheres

around the highest point. The one-dimensional motion is well described by just the usual buoyant

force and the added mass as calculated in the ideal fluid model. This measurement is an excellent

experiment for introductory physics students. For spheres in two-dimensional projectile motion

the downward vertical acceleration at the highest point increases with the horizontal velocity. This

effect can be described by an additional force proportional to the speed times the acceleration.
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I. INTRODUCTION

When a large, light, spherical ball (such as an inflatable beach ball) is gently tossed into

the air, it appears to move in slow motion. It is obvious that the surrounding air has a

profound effect on the motion of the ball, reducing its acceleration. One reason for the

reduced acceleration is the buoyant force. This force acts opposite to the force of gravity

and reduces the net force on the ball. There is also another effect of approximately equal

importance. As the ball accelerates, it must also accelerate the air around it. Thus a ball

moving through air has a larger effective inertia than one moving through vacuum. This

increase in inertia also reduces the acceleration from the force of gravity acting on the ball.

The increase in inertia of an object moving through a fluid is usually called the “added

mass.”1,2

The buoyant force and the drag force are well known fluid effects but, surprisingly, the

added mass is not. The added mass can be a large effect, as it is for a beach ball.3 Like

the buoyant force, the added mass can be calculated using the simple ideal fluid model,

whereas the drag force cannot. Also, the concept of an effective mass is common in physics.

For example, an effective mass can be used to account for oscillations of a massive spring.4

Similarly, electrons in a crystal often move like free electrons with an effective mass which

is different from their mass in vacuum.5 An induced mass is used to explain how neutrinos

traveling through the Sun change their flavor content, which is crucial for explaining the

observed flux of solar neutrinos.6 In addition, the added mass is useful pedagogically because

of its similarity to how masses are generated at the fundamental level. In the standard model

of particle physics the “bare” masses of the elementary particles are zero –they acquire mass

only because they move through a surrounding Higgs boson field.7 For these reasons the

added mass is a topic that deserves to be well known.

One reason that the added mass is not often discussed in textbooks is that there are few

discussions of it in the research literature. Most examinations of the forces on an object

moving through a fluid treat motion at constant velocity, what are called the “steady” forces.

These forces can be measured in a wind tunnel and are sometimes very complicated and

sensitive to small effects such as surface roughness. The additional forces that are present

when an object’s velocity is not constant are called the “unsteady” forces. The “unsteady”

forces are more difficult to measure and the few existing measurements involve either free-
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fall of a sphere (or bubble) released from rest8 or a sphere in oscillatory motion.9,10 The

unsteady forces are unexplored for a typical ball moving through the air.

Measuring the fluid forces on accelerating projectiles is now easier than ever. Many so-

phisticated, accurate, and inexpensive tools exist for measuring projectile motion. Examples

include ultrasonic range finders, video analysis software, radar guns, and a wireless combi-

nation accelerometer and altimeter.11,12 Students can now probe the details of how the air

affects a projectile’s motion (see, for example, Refs. 13 and 14). In particular, experiments

to measure the added mass of large, light projectiles are simple and fun labs which probe

static and dynamic fluid effects without getting wet.3

In this paper we discuss two experiments that can be done in an introductory physics

lab to measure the forces on an accelerating sphere in air. The experiments are designed

to minimize or eliminate the effects of the drag force and maximize the effects of the added

mass. In particular, there are two choices that are important to our measurements. First

is the choice of projectile. We find that beach balls are inexpensive spheres well suited to

these experiments. The density of these plastic inflatables is small enough that the buoyant

force and the added mass have a large effect on their acceleration while it is also the case

that the drag force does not quickly bring them to terminal velocity. The second important

choice is where to observe the ball’s motion. We measure the ball’s position as a function

of time during an interval symmetric around the highest point of the trajectory. Because

the vertical component of the velocity is small near the highest point, the drag force in the

vertical direction is also small. Thus, the vertical acceleration of a beach ball around the

highest point is almost constant and a sensitive measure of the buoyant force and the added

mass.

Section II briefly summarizes the present understanding of the forces on a sphere from

the surrounding fluid, with an emphasis on the added mass. Section III discusses the experi-

mental method used in this paper. Section IV discusses the observations from the two types

of experiments which we discuss: position measurements of one-dimensional (1D) motion

with an ultrasonic range finder,3 and position measurements of one- and two-dimensional

(2D motion) using video analysis. Section V discusses our results. The Appendix contains

two derivations of the added mass for an ideal fluid.
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II. REVIEW OF FLUID FORCES ON A MOVING SPHERE

The nature of the forces acting on a sphere moving through a fluid are reviewed in

Refs. 1,2,15. For motion of a spherical ball through quiescent air, the equation of motion is

usually written as

m
dV

dt
= (m−mair)g − 1

2
CDρπR2V V − CMmair

dV

dt
+ FH , (1)

where m is the mass of the sphere, V is the velocity of the sphere, ρ is the density of air,

R is the radius of the sphere, mair = ρ4
3
πR3 is the mass of the air displaced by the sphere,

g is the acceleration of gravity, CD is a dimensionless coefficient parameterizing the drag

force, and CM is a dimensionless coefficient parameterizing the added mass. FH represents

the “history” force.

The first term on the right-hand side of Eq. (1) is the force of gravity acting on the

mass of the sphere minus the buoyant force acting on the sphere. The buoyant force occurs

because gravity causes the pressure in the fluid to decrease with altitude. Thus the pressure

on the bottom of the sphere is larger than the pressure on the top, and hence there is a net

force upward on the sphere from the fluid.

The second term on the right-hand side of Eq. (1) is the usual expression for the drag

force. This force is analogous to a frictional force in that it points opposite to the velocity

and hence acts to dissipate the energy of the projectile. The form of this force used in Eq. (1)

dates back to Newton, who did extensive experiments dropping spheres through water and

air to confirm it.16 In general, theory is not of much use in deriving this expression for the

drag force. For example, in an ideal fluid the drag force vanishes. However the form for

the drag force in Eq. (1) can be justified by dimensional analysis plus some simple, physical

arguments (see, for example, Ref. 17). For steady motion CD is a function only of the

dimensionless Reynold’s number

Re =
ρV d

µ
= 3.2× 104

(
V

1 m/s

)(
d

0.5 m

)
, (2)

where µ is the viscosity and d = 2R is the diameter. The numerical values in Eq. (2) are for

a typical beach ball in air as used in our experiment. For unsteady motion, CD also depends

on other dimensionless combinations involving the acceleration and higher derivatives of the

motion (see, for example, Ref. 1).
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Figure 1 shows the drag force on a fixed sphere as a function of the Reynolds number as

measured in a wind tunnel.18 The range of Reynolds numbers in Fig. 1 is approximately the

range of values spanned by the 2D measurements in this paper. The three curves correspond

to different degrees of surface roughness. The increase in this force with the square of the

velocity, as expected from Eq. (1), is strongly modified by changes in CD. At the “drag

crisis,” CD abruptly drops from approximately 0.5 for smaller values of Re to values as

low as 0.07 before slowly rising again. The critical Reynolds number at which the drop

occurs decreases with increasing surface roughness – which is why golf balls have dimpled

surfaces. The strong variation of CD for the conditions typical to a classroom is probably

why quantitative measurements of the drag force are not standard introductory laboratory

experiments.

The drag force is defined as a time average because, even for so-called steady flow, the drag

force can fluctuate. As Re increases above around 200, a sphere will asymmetrically shed its

wake.1 This “vortex shedding” induces fluctuations in the force along the direction of motion

which affects the drag force. In addition, vortex shedding induces even larger fluctuating

forces which act perpendicularly to the direction of motion. These fluctuations are not

included in Eq. (1). The amplitude of these fluctuating forces has recently been measured,19

and it is found that the amplitude increases as Re increases toward the critical value. These

fluctuations are responsible for the trajectory of a baseball thrown at medium speed with

very little spin (a “knuckle ball”). For a beach ball moving as in the 2D experiment we will

discuss, the fluctuations are readily observable.

The quantity on the right-hand side of Eq. (1) that multiplies the acceleration is com-

monly called the added mass.1 This name is used because the term involving the acceleration

is usually moved to the other side of the equation so that the total quantity multiplying the

acceleration is m+CMmair. Thus, the effect of the added mass is only to increase the inertia

of the object – it does not dissipate the energy of the projectile. Because the added mass is

proportional to the mass of the air displaced, its physical effects are comparable to those of

the buoyant force for a projectile with an acceleration of order g. However as a projectile

approaches its terminal velocity, the acceleration goes to zero and the effects of the added

mass disappear.

The added mass was discovered by d’Alembert in 1752, who was the first to apply Euler’s

equations for ideal fluid flow to the resistance of a fluid to a moving body.20 d’Alembert
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proved that an object moves without dissipation through an ideal fluid. Because this result

was in disagreement with experiments on objects moving through air or water, it is known

as d’Alembert’s paradox.21

The added mass is an especially interesting fluid dynamical effect. It can be calculated

analytically for a sphere in an incompressible fluid with either zero viscosity (an ideal fluid)

or infinite viscosity (creeping flow or Stokes’ flow).22 Surprisingly, the added mass coefficient

for a sphere has the same value in both limits:

CM =
1

2
. (3)

There is no general derivation that the added mass coefficient has this value for finite

Reynolds numbers. In fact, there was confusion for many years over whether the added

mass was even a valid concept at finite Reynolds number.2 Experiments that tried to mea-

sure the added mass using oscillatory motion9 or shock experiments23 did not agree on the

sign of the added mass for a given acceleration. However in recent years, carefully designed

numerical experiments near the creeping flow limit have consistently found the value in

Eq. (3).24 The added mass is now recognized as a valid and general concept. Disagreements

between the early experiments and Eq. (3) are now usually attributed to “history” effects

(see the following). The added mass coefficient has been calculated for a wide variety of

geometrical shapes and configurations for an ideal fluid.25 We shall treat CM as a parameter

to be determined by our measurements.

Another force should be added to Eq. (1) for a spinning sphere. This force is usually called

the Magnus force or the Robins force, although it was discussed before them by Newton.26

It can be written as17

FS = CSρπR3 Ω×V, (4)

where Ω is the angular velocity vector of the ball and CS is a dimensionless coefficient. We

have taken care to discard throws with rotation, and thus we have not included this term in

Eq. (1).

In the limit of infinite viscosity, that is, for creeping flow, the fluid forces on a sphere

in unsteady motion were calculated analytically by Boussinesq27 and Basset.28 In this limit

there is an additional force, FH , involving an integration over the past motion of the sphere.

This force accounts for lags in the sphere’s wake as the sphere’s velocity changes in time, and

is called the history force. At the large values of Re relevant for the measurements in this
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paper, the flow pattern is not expected to resemble creeping flow, and there is no accepted

parameterization of FH . That does not mean there are no additional forces. Dimensional

analysis suggests that unsteady motion may modify the force terms proportional to g, V,

and dV/dt, and also generate new force terms proportional to higher derivatives of V.1 In

particular, a force of the form −KV 2dV/dt was added to describe the 1D motion of a plate

falling in air.29 Due to the lack of an accepted expression for FH , we will neglect it in our

initial analysis.

III. EXPERIMENTAL METHODS

Our experiments consist of throwing a ball up into the air and observing its motion around

its highest point. Projectile motion with a nonzero horizontal velocity was observed using

video analysis, and straight up and down motion was observed with both video analysis

and an ultrasonic motion sensor. The experiments were designed to minimize the effects

of the drag force while maximizing the sensitivity to the added mass coefficient, CM . For

both 1D and 2D motion, the vertical velocity vanishes at the highest point and therefore

the vertical acceleration should not be affected by the drag force. The vertical acceleration

at the highest point depends on the force of gravity on the ball, the buoyant force, and the

added mass, and possibly on history effects.

To determine CM from the vertical acceleration we must subtract the contribution of

the buoyant force. Thus measurements of CM are sensitive to small effects, and accurate

measurements of all relevant quantities are important. To clarify this, we rewrite Eq. (1) in

terms of the quantities that are directly measured in this experiment.

The mass of the projectile, m, cannot be directly measurable in the lab. This is because all

measurements take place with a fluid background present, the air. Even when the projectile

is not moving, the buoyant force is still present. In particular, when the ball is placed on a

balance, it is the net force of gravity acting on the ball that is in equilibrium with the normal

force of the balance. Thus what is measured by a balance is the “gravitational mass”, mG,

which is the mass minus the mass of the air displaced,

mG = m−mair. (5)

This measurement is truly a mass measurement because a balance is calibrated with a known
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mass and thus is independent of the local value of g. In terms of mG, Eq. (1) can be written

as

[mG + (1 + CM)mair]
dV

dt
= mGg − 1

2
CDρπR2V V, (6)

where the inertial terms have been combined and FH neglected. Thus the “inertial mass”

of the ball is mI

mI = m + CMmair = mG + (1 + CM)mair, (7)

because this quantity multiplies the acceleration in the equation of motion.

We now consider the measurements of the motion made in this experiment. The equip-

ment (an ultrasonic motion detector or video analysis) measures the position of the ball at

various times. The velocities and accelerations are calculated by fitting the position versus

time data to linear or quadratic equations. Thus the velocity and accelerations obtained

by this method are weighted averages over short time intervals. If we take the positive

y-direction to be downward and average the data symmetrically about the highest point of

the motion, the two components of the equation of motion, Eq. (6), are

[mG + (1 + CM)mair] 〈ay〉 = mGg, (8a)

[mG + (1 + CM)mair] 〈ax〉 = −1

2
CDρπR2〈V Vx〉, (8b)

where 〈 〉 denotes the weighted average over a short time interval and ai is the acceleration

in the ith direction. We have used that Vy is (to a very good approximation) an odd function

about the highest point and hence cancels out in a symmetrical average around the highest

point of the y motion. Equation (8a) gives the added mass coefficient CM as

CM =

(
g

〈ay〉 − 1

)(
mG

mair

)
− 1, (9)

where the quantities on the right-hand side of Eq. (9) are directly measurable.

Note that CD can be determined in this experiment, but not as directly or as accurately

as CM . Because Eq. (8b) depends on both CM and CD, we must use a combination of

vertical and horizontal motion measurements to extract a value for CD

CD = −
(〈ax〉
〈ay〉

)
2mGg

πρR2〈V Vx〉 . (10)

Although 〈ay〉 and 〈ax〉 can be directly obtained from the position versus time data by

curve fitting, the same is not true of 〈V Vx〉. The quantity 〈V Vx〉 depends on the velocity
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components in both the x- and y- directions simultaneously and is not as easily extractable

from the data — at least, not when Vx is small. Also, the uncertainty in 〈ax〉 is large because,

over the small time interval ∆t, the horizontal motion is predominately linear (ax∆t ¿ Vx).

Consequently we will not report measurements of CD.

The expression for CM in Eq. (9) contains two subtractions – one to find the deviation

from g due to fluid effects and the other to remove the buoyant force effects. Because of

the two subtractions, CM depends sensitively on these measured quantities. Thus we spent

considerable time considering different ways to extract 〈ay〉 from the y versus time data. If

a very small time interval is used to calculate the weighted average, then the uncertainty in

the value of 〈ay〉 is large because of small random errors in the position measurements. If

too large of a time interval is used, then the vertical component of the drag force will cause

deviations from constant accelerated motion. To minimize these two sources of error, we

usually chose the time interval for each run that minimized the statistical uncertainty for

〈ay〉 in the symmetrical quadratic fit about the highest point. This choice varies somewhat

from run to run, but was typically in the range ∆t = 0.4 to 0.8 s.

This simple procedure for calculating 〈ay〉 was tested in several ways. It was found that

fits to higher order polynomials in time than quadratic did not lead to significantly different

values for the acceleration. We also applied this method to simulated data from numerically

solving the equations of motion and found that asymmetries from the drag force lead to small,

systematic errors. The drag force during the downward motion is slightly smaller than the

drag force during the upward motion because of energy loss by the projectile. Thus although

the drag force cancels out from 〈ay〉 to leading order, there is a small, nonzero second-order

contribution. The size of this effect was calculated perturbatively and numerically and was

found to be approximately
δ〈ay〉
〈ay〉 ≤

1

20

[
mSO

mI

]2

, (11)

where mSO is the mass of the air swept out by the ball during the time interval. This

effect was largest for balls with large horizontal velocities, but was still small enough to be

negligible compared to errors from random fluctuations.

In addition to an accurate value for 〈ay〉, extracting CM from the data also requires

accurate values of the ball diameter, d, the air density, ρ, and the acceleration of gravity, g.

The air density was calculated daily from measurements of the pressure, temperature, and
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relative humidity. For the acceleration of gravity in our lab we used a value supplied to us by

our local geomatics department, g = 9.8193m/s2 This value agrees with the International

Gravity Formula30 and with our measurements made using a 10 m pendulum with a lead

bob. The beach ball diameter was determined by measuring the circumference along three

perpendicular directions and using the differences to estimate the uncertainty. The dominant

uncertainties in our experiment typically came from the ball circumference and from the

measurement of 〈ay〉.

IV. OBSERVATIONS

The motion sensor and video recording experiments were both performed in a physics

classroom with 12 ft ceilings. The air vents in the classroom were covered to reduce air

currents.

A. 1D Motion Measured with an Ultrasonic Motion Sensor

The positions of the spherical projectiles were observed with an ultrasonic motion

sensor.11 This equipment is common, but we note several steps that we took to maximize

the accuracy of our results with this equipment.31 The motion sensor was mounted above

the ball so that the ball was nearest the motion sensor at its highest point, which is when

the most important data is recorded. Soft foam padding was placed on the table under the

sensor to reduce the intensity of any reflected pulses. The alignment and calibration of the

motion sensor was checked by observing the motion of a steel ball launched vertically from

a projectile launcher. Only after these steps did we make the observations on the larger and

lighter projectiles.

When throwing the balls into the air by hand, considerable care was taken to ensure that

the throw was vertical and directly underneath the motion sensor. An observer in the plane

perpendicular to the thrower gave feedback on the orientation of the ball with respect to

the motion sensor. Most throws were rejected at this point. Because throws that are not

completely vertical or not directly under the motion sensor produce large uncertainties in the

quadratic fit parameters, only those throws with the smallest uncertainties in the quadratic

fit parameters were accepted. Using this data, the quadratic fit parameter was averaged over
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several throws to determine the average acceleration and the standard deviation. In addition

to this statistical uncertainty in the measured acceleration value, a small systematic error

was included to represent fluctuations in the room temperature, which change the speed of

sound.

Figure 2 shows the values of CM calculated using Eq. (9) versus the measured values of

the vertical acceleration at the highest point. The data correspond to a variety of different

balls ranging in size from a 0.2m diameter plastic kick ball (far right in Fig. 2) to a 2m

diameter plastic inflatable advertising balloon (far left in Fig. 2). Most of the intermediate

data shown was obtained using inflatable beach balls. These were used because they are

inexpensive, have a small enough density that the buoyant force and the added mass are

large effects, are large enough that the motion sensor observes them easily, and are readily

available in a variety of sizes. We also observed soccer balls, basketballs, ping-pong balls,

globes (borrowed from the astronomy lab), and other types of spherical balls. These balls

are all more dense and did not yield values of CM that were as accurate. Their data are not

included in Fig. 2. For all of the spherical projectiles we tried, the measured values were

consistent within errors with the data in Fig. 2, that is, CM ≈ 0.5.

Most of the beach balls had seams on them, some protruding 2–3mm, corresponding to

a seam height to sphere diameter ratio ≤ 0.5%. We saw no indication that these seams and

other surface roughness significantly influenced the measured results for CM . However, we

did not make a systematic effort to search for surface roughness effects.

The experimentally observed value of CM is in agreement with the theoretical value,

1/2, as calculated in the limit of an ideal fluid and also in the limit of creeping flow. This

consistency demonstrates that the added mass is a useful concept for real fluids which lie

between these two limits for which analytical calculations are possible. Also, it shows that

history effects are negligible for 1D motion, averaged symmetrically about the turning point.

Thus this simple experiment makes an excellent fluids lab for students.

B. Video Analysis of 1D and 2D Motion

The projectile motion of large, spherical, inflatable balls was videotaped using a Canon

ZR950 mini DV camera. The images were recorded directly onto a computer using a Firewire

connection and the Import Video utility on Windows. The video files were then analyzed
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using the software Tracker32 to obtain the position coordinates of the balls in each frame.

The coordinate data was exported to a spreadsheet for curve fitting to extract the vertical

acceleration and the horizontal velocity at the highest point.

To obtain accurate data, it was necessary to take care in several aspects of the video

recording process. For example, to maximize the position resolution we used white, inflatable

beach balls (obtainable from companies that print logos onto the balls) moving in front of

a black background (made from black sheets). We placed lights on the floor, in addition

to those in the ceiling, so that the balls were uniformly illuminated. Great care was taken

in positioning the video camera to ensure that the image plane was parallel to the plane

of the projectile’s motion.33 To determine the height to width ratio of the camera’s pixels,

we videotaped meter sticks oriented along the horizontal and vertical axes. To calibrate

lengths, we placed a white meter stick in the plane of the projectile’s motion for each throw.

To calibrate the camera’s timing, we videotaped a digital timer. This confirmed that the

frames were the standard (1/29.97) s apart. The accuracy of our procedure was confirmed

by recording the projectile motion of a small steel ball, which has a large density so that

the effects of the air on the ball are very small. The measured values of the acceleration for

the steel ball were within 1% of the accepted value of g.

While checking for systematic errors, we realized that there is a small, systematic effect

unique to the video recording of large objects. For a finite size ball, there is a small difference

between the apparent center of the image and the ball’s true geometrical center because the

edges of the ball as seen by the video camera do not usually correspond with the edges of the

ball in the vertical plane. The light rays coming from a ball and going through the camera

lens form a cone. This cone of light falls onto the plane where the ccd/film lies and the

intersection of a cone and a plane is an ellipse. Thus the video image of a spherical ball will

generally be elliptical with a small distortion between the apparent and actual geometric

centers. A short calculation shows that the relation between the positions is

x = x̄

(
1− R2

L2

)
(12a)

y = ȳ

(
1− R2

L2

)
. (12b)

Here x and y (x̄ and ȳ) are the actual (apparent) coordinates of the center of gravity of the

ball as measured from the optic axis, R is the radius of the ball, and L is the distance from

the motion plane to the camera. These corrections are large when the ball is large and close

12



to the camera. Moving the plane of motion away from the camera decreases these effects,

but also decreases the position resolution because of the finite pixel size. We used L ≈ 4.5m

and corrected the acceleration for this very small, systematic effect.

The balls were thrown into the air by hand. Each throw was observed by multiple people

to ensure that it satisfied several criteria. The throw had to stay in a predefined plane, and

deviations at the initial, midpoint, and final position of the throw from the plane could be no

more than one or two centimeters. Also, the ball could not come within 3 ft of the 12 ft ceiling

or within 20 cm of the meter-stick used for the length calibration. Finally, the ball could

not rotate more than one-quarter turn during its motion. Only about 20% of the throws

met these criteria and were accepted for analysis. The main reason for the low acceptance

percentage is the fluctuating nature of the drag force. At the larger horizontal speeds, there

were often uncontrollable excursions from the vertical plane of motion. Although throws

with horizontal excursions were rejected, our criteria accept fluctuations which occur in the

vertical plane.

Figure 4 shows the vertical acceleration versus the horizontal velocity as measured at

the highest point. Each data point corresponds to a throw. There are three sets of data

in this plot, corresponding to beach balls with diameters of 29 cm, 50 cm, and 87 cm. Note

that the fluctuations in the measured results increase with increasing velocity, presumably

because the magnitude of the fluctuating component of the drag force increases with velocity.

More importantly, the data clearly show that the vertical acceleration at the highest point

increases with the horizontal velocity. This trend was apparent for all three balls used. The

change in the acceleration was largest for the smallest ball for which the vertical acceleration

became much larger than the acceleration of gravity in a vacuum. Clearly the horizontal

motion affects the vertical acceleration.

The increase in the vertical acceleration at the highest point with the horizontal velocity

is inconsistent with Eq. (1), which includes the buoyant force, drag force, and the added

mass. Although an additional force is required to explain the data, there is no standard

parameterization for it. Denoting the additional force as FH , its form can be deduced from

the data. FH must point downward at the highest point, and thus must be proportional

to g or dV/dt. Because a force proportional to g would alter the terminal velocity, it is

presumably excluded by other experiments, and hence we do not consider such a term.

The force must also increase in magnitude with the horizontal velocity and thus must be
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proportional to V n. Fits to each of the data sets all yield values close to n = 1, so we shall

assume this value. Thus the simplest choice that best fits the data is

FH = BV
dV

dt
, (13)

where B is a positive, unknown parameter which we determine by fitting the data. Because

FH is proportional to the magnitude of the velocity, it vanishes at the highest point for 1D

motion and thus would not substantially affect our earlier measurements.

We substitute Eq. (13) for FH into Eq. (1), solve for the vertical acceleration, and obtain

〈ay〉 =
mGg

mG + (1 + CM)mair −B〈Vx〉 . (14)

We have used that FH is a small correction at small horizontal velocities to make the

approximation that 〈V ay〉 ≈ 〈Vx〉〈ay〉. The three curves in Fig. 4 correspond to fits to the

data for each ball using Eq. (14) and two adjustable parameters, CM and B. Table I shows

the values obtained from these fits. The uncertainties in CM and B from uncertainties in

ball diameter, air density, etc., are negligible compared to those coming from fitting the data

in Fig. 4. The values for CM for the three balls are consistent with those obtained for 1D

motion, which is not surprising because this value is mostly determined by the data with

small or vanishing horizontal velocity where the motion is approximately 1D.

The data indicate that B increases with the diameter as dp where p ≈ 1.5. To test if B

depends on mG, we took the 50 cm diameter ball and replaced some of the air in it with

SF6, increasing mG by 40%. About 70 throws with a wide range of horizontal velocities

were analyzed for this higher density projectile. It was found that the vertical acceleration

at zero horizontal velocity (1D motion) increased by about 13%, as expected for CM = 0.5,

but changing the density of the ball did not appear to change the value of B.

V. DISCUSSION AND SUMMARY

For a typical ball moving through the air, the flow around it is turbulent, and we do not

expect that the fluid forces acting on the ball can be calculated from the basic principles

of fluid dynamics. Indeed, the drag force on a sphere is a complicated function of velocity

(see Fig. 1), and is sensitive to small changes in the surface roughness. In contrast, our

experiments clearly indicate that for a sphere in 1D motion the vertical acceleration at the
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highest point is well described by the buoyant force and the added mass. The measured

value of the added mass agrees with the theoretical value calculated in the limits of ideal

fluid flow and creeping flow. It is surprising that there is such good agreement between

theory and experiment for a dynamical fluid effect.

This agreement between theory and experiment is one of several features that make mea-

suring the added mass an interesting and successful laboratory experiment for introductory

physics students. Using the ubiquitous ultrasonic motion sensor, the 1D experiment is quick

to perform and the data easy to analyze. The motion of several different balls can easily be

measured in a single lab period. It is a fluid experiment where the students do not get water

all over the lab equipment. Finally, students enjoy tossing the large beach balls in the air.

This fluid experiment is now standard for introductory physics students at the University

of Alaska Anchorage.

The measurement of the added mass for the 2D motion of balls requires more effort than

for the 1D measurements. Care must be taken during the video recording process to obtain

accurate results. Also, several new fluid effects enter into the dynamics for 2D motion, such

as vortex shedding and the force FH in Eq. (13). The study of the added mass during 2D

projectile motion could be pursued as a high school or undergraduate research project.

The type of projectile used is important when studying the added mass. The data in Fig. 4

show that the larger inflatable spheres have smaller accelerations and are predominately

explained by just the added mass and the buoyant force effects. This behavior can be

understood by examining how the relevant masses and forces scale with the ball diameter,

d. The beach balls we used in the video experiments are made of plastic and have a preferred

diameter (unlike balloons which are made of rubber and have a wide range of diameters). At

the preferred diameter the pressure difference between inside and outside is small, so that

the mass of the air inside the ball is approximately the same as the mass of the air displaced

by the ball, mair. Thus the gravitational mass, mG = m−mair, is approximately the mass of

the plastic skin of the sphere and so scales as d2 to a good approximation. Because mair is

proportional to d3, the inertial mass, mI = mG + (1 + CM)mair, scales as d3 for large beach

balls. Thus the vertical acceleration at the highest point [see Eq. (8a)] is approximately

proportional to 1/d for large beach balls. The larger the inflatable sphere, the larger the

difference between ay and g, and hence the easier it is to determine the added mass.

It is instructive to extend this scaling analysis to the drag force and FH given in Eq. (13).
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The drag force is explicitly proportional to d2 [see Eq. (1)], and FH is approximately pro-

portional to d1.5. If we divide these forces by the inertial mass, we see that the accelerations

produced by these effects decrease approximately as 1/d and 1/d1.5, respectively. These two

forces are additionally suppressed at larger diameters because they depend on velocity and

acceleration and our analysis shows that ay, and consequently Vy, are also suppressed at

larger diameters. Thus the larger the beach ball, the more the buoyant force and the added

mass are the dominant fluid effects. For this reason the change in the vertical acceleration

with horizontal velocity is smallest for the largest beach ball (see Fig. 4). This scaling be-

havior also explains why, for the 1D results, the smallest measured acceleration and the

most precise measurement of CM corresponds to the largest inflatable ball (a diameter of

approximately 2 m). The motion of a large beach ball being gently tossed around with no

spin is approximately the same as projectile motion in a vacuum but with a much smaller

vertical acceleration.

It is instructive to extend this scaling analysis to the terminal velocity. Because mG

and the drag force both scale as d2, the explicit dependence on diameter drops out of the

expression for the terminal velocity. If we ignore the fluctuations from vortex shedding

and assume CD ≈ 0.5, we find a terminal velocity of 5m/s for all three of the balls shown

in Fig. 4. However there is an additional dependence on ball diameter through CD which

depends on the Reynolds number, and hence on d, near the drag crisis. The drag crisis can

produce a dip in the drag force with speed, see Fig. (1), and then there can be three different

speeds that have the same value of the drag force. Thus, it is possible for three terminal

velocities to exist for a single ball. This possibility is a useful example for discussions of

stable and unstable equilibria and could lead to some interesting experiments. The existence

of multiple terminal velocities is relevant for the motion of meteorological balloons.1

In our study of 2D projectile motion, the data forced us to include a qualitatively new

force term, Eq. (13), to the equation of motion. It should not be surprising that new force

terms are needed because the unsteady fluid forces at large Reynolds numbers are not well

studied experimentally or theoretically. Because the new force term is proportional to the

acceleration vector, it is not dissipative. It might be tempting to try to interpret the observed

behavior as a decrease in CM with velocity. However the change in acceleration is so large

that CM would have to become negative, which is unphysical. A better interpretation is

that the new force results from the lag in the development of the ball’s wake as its velocity
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changes. Qualitatively, this interpretation agrees with the data because the downward drag

force should be much larger before the highest point than it is right at the highest point. This

interpretation is also supported by the fact that Eq. (13) appears as one of the leading order

corrections to the expression for the drag force from a small time delay (the other leading

order correction is proportional to (V · a)V and thus does not contribute to the vertical

acceleration at the highest point). This interpretation implies that B ≈ τ(CD/2)ρπR2,

where τ is the small lag time of the wake. If we assume that CD ≈ 0.5, we find that τ ≈ 0.2–

0.3 s, which is consistent with the acceleration time scale of
√

d/g. This interpretation is

speculative given the limited range of conditions explored in these experiments. Many more

measurements are needed to determine the unsteady forces acting on spherical projectiles.

The ballistics of beach balls is a simple system with rich behavior which is far from fully

explored.
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APPENDIX: THE FORCES ON A MOVING SPHERE IN AN IDEAL FLUID

The dynamics of an ideal fluid follow from two general equations. One is the equation of

mass conservation which, for an incompressible fluid, takes the form

∇ · u = 0, (A.1)

where u is the velocity of the fluid. The other equation is Euler’s equation, which describes

the time evolution of an inviscid fluid

∂u

∂t
+ (u ·∇)u = −1

ρ
∇P + g. (A.2)

Here P is the pressure and ρ is the fluid density. Equation (A.2) is the fluid version of

Newton’s second law, the left-hand side is the local acceleration of the fluid and the right-

hand side is the force per unit mass. Equations (A.1) and (A.2) can be simplified for an
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initially quiescent fluid because the vorticity is zero initially, ∇ × u = 0, and remains zero

at all later times by Kelvin’s theorem. In this case the fluid velocity can be written as the

gradient of a potential function,

u = ∇φ. (A.3)

If we substitute Eq. (A.3) into Eq. (A.1), we see that φ satisfies Laplace’s equation,

∇2φ = 0. (A.4)

Substituting Eq. (A.3) into Eq. (A.2), and using that for vorticity free flow (u · ∇)u =

∇(u2)/2 = ∇1
2
|∇φ|2, gives

0 = ∇
[
∂φ

∂t
+

1

2
|∇φ|2 +

P

ρ
+ gy

]
, (A.5)

where the upward direction has been taken to be the +y direction. These equations for

ideal fluid flow in a quiescent medium will be used to derive the added mass of a sphere in

two different ways.

For a sphere moving along the +z axis with speed V , the solution of Eq. (A.4) is

φ = −V
R3

2r2
cos θ. (A.6)

This potential drops off sufficiently quickly with distance so that the fluid velocity vanishes

at infinity, which is one boundary condition. The other boundary condition, that the sphere

surface is impenetrable, requires the radial components of the fluid velocity to match that of

the sphere at the surface of the sphere. This condition is satisfied since ur|r=R = ∂φ/∂r|r=R =

V cos θ = V · r̂. The velocity vector field associated with this potential is a standard dipole

field.

The added mass can most easily be found by considering the energy in the fluid surround-

ing the sphere. As the sphere accelerates, the energy of the sphere and the fluid around it

must both change. The kinetic energy of the fluid moving around the sphere is given by

E =

∫

r>R

dV
1

2
ρu2. (A.7)

By using Eqs. (A.3) and (A.6) for the velocity of the fluid around the sphere, the integration

can be carried out to yield

E = ρ
1

3
πR3ρV 2 =

1

2

[
1

2
mair

]
V 2. (A.8)
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The quantity in brackets is the extra mass that should be included with that of the projectile

to account for the energy carried by the fluid — the added mass. The added mass is half of

the mass of the air displaced by the sphere, which is the value given in Eq. (3).

It is instructive to consider the momentum carried by the fluid. Integrating ρu over

the volume of the fluid should give us that quantity. However, according to Eqs. (A.3) and

(A.6), the fluid velocity drops off with distance as 1/r3. Thus the integration over the volume

of the fluid yields an integral which is sensitive to the boundary conditions at infinity. To

understand this sensitivity, consider the situation when the fluid is bounded by fixed walls.17

Then the motion of a sphere in the +z direction means that there must be a net flow of fluid

in the -z direction to “fill in” the volume behind the sphere. Thus the net momentum of

the fluid would be −mairV z, which is in the direction opposite to the motion of the sphere.

Thus the added mass is not a concept that should be applied to the fluid momentum.

The added mass can also be calculated by considering the forces acting on the sphere.

The only force on the sphere is from the pressure, there is no shear force from the fluid on

the sphere surface because the viscosity is zero. The fluid pressure exerts a force on the

sphere in the inward or −r̂ direction, and thus the force on the sphere in the direction of

motion, +z, is

Fz =

∫
(−r̂ · z)PdA =

∫ π

0

(− cos θ)P (2πR sin θ)(Rdθ), (A.9)

where spherical coordinates are being used, dA is the surface area element of the sphere, θ

is the angle between r̂ and z, and the pressure, P , is evaluated at the surface of the sphere

of radius R. To evaluate Eq. (A.9), the pressure must be determined. The pressure can

be obtained from the unsteady Bernoulli’s equation, which follows from Euler’s equation in

quiescent flow, Eq. (A.5):
[
∂φ

∂t
+

1

2
|∇φ|2 +

P

ρ
+ gy

]
= constant. (A.10)

We solve Eq. (A.10) for the pressure and substitute it into Eq. (A.9) and find

Fz = −2πR2

∫ π

0

dθ cos θ sin θ

[
P∞ − ρ

(
∂φ

∂t
+

1

2
|∇φ|2 + gy

)]

r=R

, (A.11)

where the constant in Eq. (A.10) has been evaluated in terms of P∞, the pressure far from

the sphere at y = 0. Note that the P∞ term in Eq. (A.11) does not contribute to the net force

on the sphere, because it has the same value at the front (θ < π/2) and rear (π/2 < θ < π)

surfaces and hence cancels out in the integration. Similarly the term proportional to gy also
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cancels out from Fz. However the gy term gives a net force in the +y direction, the buoyant

force. The term proportional to the velocity squared, 1
2
|∇φ|2 = 1

2
V 2[cos2 θ + 1

4
sin2 θ], also

does not contribute to Fz because it too is front-back symmetric. The only term in Eq. (A.11)

which does not integrate to zero is the one that depends on

[
∂φ

∂t

]

r=R

= −dVz

dt

R

2
cos θ, (A.12)

where we have used Eq. (A.6) for the potential around the sphere. We substitute Eq. (A.12)

into Eq. (A.11) and integrate to find

Fz = −ρ
2

3
πR3dVz

dt
= −1

2
mair

dVz

dt
. (A.13)

This calculation shows that, for a sphere moving in an ideal fluid, the added mass that

should be included in the equation of motion is the same as that found from consideration

of the energy. Also, it explicitly demonstrates d’Alembert’s result that there is no drag force

proportional to the velocity of the moving object in an ideal fluid.
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TABLE

TABLE I: Parameters for the three balls observed in 2D motion using video analysis. The values

for CM , the added mass coefficient, and B, the coefficient of the force given in Eq. (13), come from

a fit to the data in Fig. 4.

Diameter (m) mG (kg) CM B (kg s/m)

0.289± 0.001 0.0512± 0.0005 0.53± 0.06 0.0063± 0.0003

0.503± 0.001 0.157± 0.002 0.49± 0.04 0.014± 0.001

0.873± 0.002 0.445± 0.002 0.50± 0.04 0.032± 0.004

FIGURE CAPTIONS
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FIG. 1: The drag force on a fixed sphere in steady air flow as a function of the Reynolds number.

The curves correspond to different surface conditions: smooth (solid), and roughness height k to

sphere diameter d of 0.0125 (dashed) and 0.0015 (dash-dot). The curves were calculated from data

in Ref. 18. The dependence of the drag force on d and the sphere’s velocity is described by the

Reynolds number.
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FIG. 2: Plot of the calculated added mass coefficient, CM , versus the measured vertical acceleration.

The acceleration was measured at the highest point of 1D motion using an ultrasonic motion sensor.

Several types of balls were used, ranging in diameter from 0.2m (right most point) to 2 m (left

most point).
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FIG. 3: A frame from our video analysis showing the 29 cm inflatable beach ball and its position

at several times. The ball is being thrown from one of the authors (J.M.) to a student. The white

vertical meter stick is used to calibrate the image.
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FIG. 4: Plot of the vertical acceleration versus the horizontal velocity as measured around the

highest point for the 2D motion of three inflatable spheres. The filled circles, squares, and diamond

symbols correspond to ball diameters of 29 cm, 50 cm, and 87 cm, respectively. The curves show

fits to the data using the added mass term plus a force proportional to V dV/dt.
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